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In order to consider non-perturbative effects of superstrings, we try to apply dynamical triangulations to the
type IIB superstrings. The discretized action is constructed from the type IIB matrix model proposed as a
constructive definition of superstring theory. The action has the local N=2 supersymmetry explicitly, and has no
extra fermionic degrees of freedom. We evaluate the partition function for some simple configurations and discuss
constraints required from the finiteness of partition functions.
1. Motivation
From recent developments, the universal super-
string picture arose, namely the five types of su-
perstrings and the M-theory are different repre-
sentations of a single fundamental theory. It is
expected to be a constructive definition of super-
strings. The matrix model defined on the basis
of the 10-dimensional super Yang-Mills theory is
considered to be one of such constructive super-
string theories [1–3]. There have been some at-
tempts to introduce the dynamical triangulations
in superstrings as a lattice regularization [4,5]. In
this study, we consider the type IIB superstring
model derived as the large N limit of the N ×N
matrix theory [6]. The advantage of the type
IIB superstring is that the action has the local
N=2 supersymmetry explicitly, and has no extra
fermionic degrees of freedom.
2. Type IIB random superstrings
The action of the type IIB matrix model is ex-
pressed in the semi-classical (i.e. large matrix
size) limit by
S=
∫
d2σ
√
g
[
1
4
{Xµ, Xν}2− i
2
θ¯Γµ{Xµ, θ}
]
, (1)
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where the Poisson brackets { , } are defined by
{X,Y } ≡ 1√
g
ǫab∂aX∂bY. (2)
Here, Xµ are the d-dimensional space-time coor-
dinates and θ are anti-commuting spinor coordi-
nates. Also, g is the absolute value of determi-
nant of the world-sheet metric (gab), and ǫ
ab is
the anti-symmetric tensor. S has the local N = 2
supersymmetry for d = 3, 4, 6 and 10 cases, and
the N = 2 super transformations are given by
{
δ(1)Xµ = iǫ¯1Γ
µθ
δ(1)θ = − 12{Xµ, Xν}Γµνǫ1,
(3)
{
δ(2)Xµ = 0
δ(2)θ = ǫ2,
(4)
where Γµν is an antisymmetric tensor defined by
Γµν = 12 [Γ
µ,Γν ].
In order to obtain the discretized action corre-
sponding to S, we perform triangulations of the
world-sheet by equilateral triangles. By summing
over contributions from each triangle with three
vertices i, j and k, the discretized type IIB su-
perstring action is given by
S ∼ △
2
∑
〈ijk〉
[
1
4
{Xµ, Xν}2〈ijk〉
− i
4
θ¯〈ijk〉Γµ{Xµ, θ}〈ijk〉−
i
4
{θ¯, Xµ}〈ijk〉Γµθ〈ijk〉
]
=
1
4△
∑
〈ijk〉
[
−1
4
{(X2ij)2 + (X2jk)2 + (X2ki)2}
+
1
2
{X2ijX2jk +X2jkX2ki +X2kiX2ij}
−△
3
{Ωij·(Xjk−Xki)+Ωjk·(Xki−Xij)
+Ωki·(Xij−Xjk)}
]
. (5)
Here, θ〈ijk〉 = 13 (θi + θj + θk) is the average
strength of the fermionic field for the triangle
〈ijk〉, and we denote Xµij ≡ Xµi −Xµj and Ωµij ≡
i
2 (θ¯iΓ
µθj − θ¯jΓµθi). Xµi and θi are bosonic and
fermionic fields on a vertex i, respectively, and
△ is twice the area of elementary triangle. The
discretized Poisson brackets are defined by
{A,B}〈ijk〉 ≡
1
△fijk(AjkBki −BjkAki), (6)
where
fijk=
{
+1 (i, j, k) counterclockwise
−1 (i, j, k) clockwise. (7)
S is invariant under the following descretized su-
per transformations;{
δ(1)X
µ
i = iǫ¯1Γ
µθi
δ(1)θ〈ijk〉 = − 12{Xµ, Xν}〈ijk〉Γµνǫ1,
(8)
{
δ(2)X
µ
i = 0
δ(2)θi = ǫ2.
(9)
Since the discretized Poisson bracket is constant
on each triangle, the variation of the fermionic
field δ(1)θ〈ijk〉 is defined on the triangle. Then
we must examine the one-to-one correspondence
between the variations of fermionic variables on
triangles and on vertices for the local supersym-
metric invariance. In order to check the corre-
spondence, we count the number of independent
relations among the N2 = 2(N0 − χ) equations,
δ(1)θ〈ijk〉 =
1
3
(
δ(1)θi + δ
(1)θj + δ
(1)θk
)
, (10)
with the Euler characteristic χ. According to the
attempt for numerical solutions of eq. (10), we
find that there dose not exist the one-to-one cor-
respondence only for those configurations which
have extra spatial symmetry. Since these config-
urations are expected to possess degeneracy, we
should include extra measure factors to impose
the one-to-one correspondence.
3. Partition functions and numerical re-
sults
Quantization is carried out using a standard
path-integral method. The path integration over√
g is interpreted as the sum over dynamical tri-
angulations. For the type IIB superstring, the
discretized partition function with a fixed num-
ber of vertices is given by
Z(N0) =
∑
T
1
S(T )
∫ N0−1∏
i=0
dXidθidθ¯ie
−SB−SF
× δ(X0)δ(θ¯0)δ(θ0), (11)
where S(T ) is a symmetry factor of triangula-
tions (T ) to take into account the degeneracy.
It is noted that the modes associated with the
translational invariance of the action for bosonic
fields and the δ(2) supersymmetry for fermionic
fields is eliminated by imposing X0 = 0 and
θ0 = θ¯0 = 0. However, there exist special con-
figurations which give the zero fermion deter-
minant. They don’t have the one-to-one corre-
spondence between triangles and vertices result-
ing fermionic zero modes. In order to obtain the
non-zero fermion determinant, we include extra
constraint to kill dependent fermionic fields as∏Ndep.
0
k δ(θ¯k)δ(θk), where N
dep.
0 is the number of
dependent relations.
We will evaluate the partition function of a
tetrahedron (N0 = 4) configuration as shown by
solid lines in Fig. 1. Their integration measures
are defined by
dX1 = x
d−1dxdΩd−1,
dX2 = dyz
d−2dzdΩd−2,
dX3 =
∏d
i=1 dxi.
(12)
By integrating out the fermionic coordinates, the
partition function is given by
Z(4) ∝
∫ ∞
0
xd−1zd−2dxdz
∫ ∞
−∞
dy
d∏
i=1
dxie
−SB
× [(x23 + · · ·+ x2d)x2z2] k2
∝
∫ ∞
0
dXX
1
2
(d+k−2)e−
4
3
X2
×
∫ pi
2
0
dθ(cos θ)
1
2
(d+k−4)(sin θ)
1
2
(d+k−6), (13)
where
SB ∼= x2z2 + (zx1 − yx2)2 + x22x2
+{(y − x)x2 − (x1 − x)z}2
+2{x2 + y2 + z2 − xy}(x23 + · · ·+ x2d). (14)
We have defined X2 ≡ x2z2, tan θ ≡ 2√
3
z
x
, and
Γµ are k × k matrices. The condition in which
the partition function is finite is d+k > 4. In the
case of a tetrahedron, even the partition function
of the bosonic string becomes finite, when d > 4.
However, the situation is not so simple for larger
size configurations. We have found numerically
that the partition function of the bosonic string
exhibits a spike singularity for large N0 in the
case of d = 5.
In the case of a configuration with an additional
vertex as shown in Fig. 1, where links of three tri-
angles added by the 5th vertex is shown in dotted
lines, we can obtain two conditions as k > 0 and
2d + k > 6. The condition k > 0 implies that
contributions from fermionic fields are necessary
for the finiteness of the partition function.
4. Summary
We have proposed the discretized type IIB su-
perstring action, and have shown that it is invari-
ant under the local N=2 super transformations.
In the numerical study, the partition function of
the bosonic strings exhibits a spike singularity
for large configuration, and spike configurations
dominate. From the study with N0 = 5 configu-
ration, we find that it is essential for the finiteness
of the partition function to introduce fermionic
fields. For further study, we need to find a power-
ful method to calculate the fermion determinants
in a larger system.
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